
 

Recall Y S for Recs 1

We've already seen that ICS admits analytic
continuation to Rels so Today we prove meromorphic
continuation to see and functional equation

Theorems The function ICS admits meromorphic
continuation to the entire complex plane and
verifies the functionalequation
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The only pole ofECS is at 5 1 it is simple
withe residue red 4157 1

Stivationforof
We note that for Recs 1 we have

E s 2M 91s m 2M

14m
s
Mle E

I UCé
Y E



M E e 7 E
we

Klay
Define 0 0,0 IR given by

01 7 e

It converges absolutely for 0

101 71 It e dy 1

Also for 11

e e é
1

ace
Therefore ACX 1 0 e for 21

Hence WA 0421 a for 1

Lemme Let fix e c SCR
Then fly e Y fly



Proof By completing the square
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theorem Functional equation for 06
For all so we have 04 014

Proof We've justseen fix e ES IR
and f x f x

Therefore for e so let
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From Poisson summation we see
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We note that the integral is absolutely
and uniformly convergent for all see

since Wex e hence it defines a

holomorphic function
In we can interchange s 1 s

so the functional equation follows
Theonly poles of ILS are at 0 and 1

and they are simple
There are no zeros of ECS in Recs 1
since MCS has no zeros and ICS has no zeros in

Recs s 1



Therefore by functional equation S has no

zeros in Recs 20

Corollary Zeros andpoles ofLcs
F is a meromorphic function with
A simplepole at 5 1 and no otherpules

Trivialzeros at 5 2 4 6 and no

other Zeros in Recs 20

Non trivial zeros f with Re f 0,13

No zeros with Recs 1

Proof We have that 901 12,4 2 411 s

1T and IT have no poles or zeros in complexplane
has simplepoles at 5 0 2 4 and no tires

Conclusion follows



The location ofthe zeros of a complex variable
gives us a lot of information We'll see
later some important consequences for 115 and
the distribution ofprimes We begin by reviewing
some facts from complex analysis
Lemme Jensen's inequality
Size of analytic function controls

density of zeros
Let f Z an analyticfunction on the disk
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By maximum modulus principle
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We denote NIT the number of non trivial zeros
of Y s with 11m18 IT

Lemma Zeros of LCS are not toodense
For T 22 we have NCT NIT 2 c log T

and NCT LCT legT

Proof We know thatfor Rels so
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This is well defined for Recs 1
and it implies that if 53 14 1
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We can iterate theprocessof integration by

parts and for any NEW we have
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Suppose T 10 conclusion follows otherwise

since there are finitely many non trivial zeros
with 11ms 210
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1K 912 analytic in 121 4 and it
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From Jensen's inequality gez can have 0 legT
zeros with 171 42 This implies LCS has

at most 01 ly T zeros with Telus Tt 1

since OERecs E2 THIS T 2 CLS 15 it 2


